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Abstract. In this paper we study finite morphisms between irreducible pro- 
jective varieties in terms of tlie morpfiisms tliey induce between tfie respective 
analytifications. The background for the principal result is as follows. Let 
V and V be irreducible, projective varieties over an algebraically closed, non- 
archimedean valued field k and </> be a finite morphism <j) : V' V. Let 
X G y^°(-L), where L/k is an algebraically closed complete non-archimedean 
valued field extension. We associate canonically to x an L-point of the space 
{V Xj, L)^'^ which lies on the fiber over x and denote this point xj^. The 
embedding of V into some n-dimensional projective space defines in a natural 
way a family of open neighbourhoods Oxj^ in (V Xj. L)™ of xj^. Each element 
of this family is parametrized by an (n + l)^-tuple which quantifies its size. 
Of particular interest to us will be those elements O of the set Oxj^ whose 
preimage for the morphism {ip X id^)^" decomposes into the disjoint union of 
homeomorphic copies of O via {(p X id^)™. Let Qxj^ C Oxx, denote the sub 
collection of elements of this form. Theorem 1.3 shows that there exists a de- 
formation retraction of the space V^"^ onto a finite simplicial complex such that 
along the fibers of the retraction the "size" of the largest element belonging to 
Qxx, is constant. 
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1. Introduction 

In this paper we study finite morphisms between irreducible projective varieties 
over non-archimedean valued fields in terms of the morphisms they induce between 
the analytifications of the varieties. As topological spaces the analytifications are 
HausdorfF, compact and pathwise connected. The theorem we prove implies that 
the induced morphism when viewed as a continuous map between topological spaces 
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admits a certain uniform behaviour. Before stating the theorem in full generality, 
we provide its motivation by considering the case of a finite endomorphism of the 
projective line. 

Let k be an algebraically closed, complete non-archimedean valued field whose 
value group \k*\ contains atleast two elements. Let P^'™ be the Berkovich ana- 
lytification of the projective line P^. The analytification P^''^" allows us to use 
the valuative topology provided by the field to study an algebraic endomorphism. 
For a point x G Vl.{k) C P^'^", we have the notion of a Berkovich closed disk or 
Berkovich open ball centred at x within the space P^'*^", namely the analytification 
of the ~ naive 'closed or open disk around x contained in k. By the naive closed 
(open) disk around a; e fc of radius r G R>o, we mean the set {y G k\\y — x\ < r} 
{{y ek\\y-x\< r}). 

Let : P^ — > P^ be a finite morphism. For a complete non-archimedean valued 
algebraically closed field extension L/k, let (j)L denote the morphism 

X idL ; Pfc Xfc Spec(L) ^ P^ Spec(L). 

The analytification of a fc-variety of finite type (cf. Section 2.1) is functorial and 
hence endomorphisms of the projective line will induce endomorphisms of its ana- 
lytification. That is, the morphism (f> induces a morphism 

^a„ . pl,a„ _^ pl,an^ 

The morphism (/)|" is similarly defined and it is to be noted that = (f>^'^ x id^". 

Our reason for introducing the morphism (j)^ for a complete non-archimedean 
valued algebraically closed field extension L/k is to deal with all points of the 
analytification of the projective line over k and not just those points for which 
■H(x) = k (cf. 2.1.1). When discussing the points of the analytification of a k- 
variety, we will make use of the description outlined in Section 2.1. Let x £ Pj.'™(L). 
Then x corresponds to a morphism x : Spec(L) — P^. Formally, the L-point 
X : Spec(L) P^ is the image of a; G p^'™ for the morphism vr : p^-''" — > pi (cf. 
2.1). The pair x : Spec(L) Pj. and id^ : Spec(i) — J> Spcc(i) defines a closed 
point of the variety P^ x^ Spec(L) which we denote xl- 

We now introduce the theorem concerning finite endomorphisms of the projective 
line over k. 

Theorem 1.1. Let : P^ ^ Pj, be a finite morphism. Let x € pi;*^" and L/k be 
any complete non-archimedean valued algebraically closed field extension of k such 
that X G P^'^^'^L). Let f{x) be the minimum of 1 and the radius of the largest 
Berkovich open ball B around xl G P^'''" whose preimage under (ff^ is the disjoint 
union of homeomorphic copies of B via (pf^. The function f : p^;**" M>q is well 
defined. There exists a finite simplicial complex T C P^'**", a real interval I :— [i,e] 
and a deformation retraction 

ip-.Ix P^;'^" ^ Pj;;^'' 

such that '(/'(e, P^'''") = T and the function f is constant on the fibers of this retrac- 
tion. 

Our first goal is to generalize this theorem to the case of finite morphisms between 
irreducible, projective varieties. A problem standing in the way of any attempt at 
a generalisation is that there is no intrinsic notion of an open disk in V'^'^ if V 
is a projective A;-variety of finite type. However as V is projective, there exists a 
closed immersion V ^ for some n G N. We identify V with its image under 
the closed immersion. The space Pj^''^" can be canonically equipped with a finite 
formal cover (Section 4.3, [B]) such that each element of this cover is isomorphic 



FINITE MORPHISMS BETWEEN PROJECTIVE VARIETIES AND SKELETA 



3 



to the n-dimensional Berkovich closed disk M{k{Ti, ....T„}). Let {Ai}i denote this 
cover. The intersection of the elements of the formal cover with the image of the 
immersion ^ p^.an jggj^gg ^ formal cover of the space V**", namely {^inT^™}^. 
Furthermore, for a non-archimedean valued algebraically closed field extension L/k 
the construction extends to the analytic space (Vl)*'" := {V L)*". 

Let L/fc be a non-archimedean valued algebraically closed field extension and 

X G V^™(L). By this we mean that the image of x for the morphism tt : V 
(cf. Section 2.1) is an L-point of V. We abuse notation and refer to this image 
as X as well. As before, the pair x : Spec(L) V and id : Spec(L) — > Spec(L) 
defines an L-point xl ^ V Xk L. Let xl & Ai^L for some i. Associated to the 
point Xl & C ^'^{L) is a fundamental system of open neighbourhoods in 
V^", namely the intersection of the Berkovich open balls around x^ contained in 
Ai^L and the space V^'^. We denote this family of open neighbourhoods Ox^- Let 
G € For every j such that xl belongs to Aj,L, G is equal to the intersection 
of a Berkovich open ball -Bg.j hi Ajx and the analytic space In this sense 
the family O^^ is does not depend on the element of the formal cover xl belongs 
to. We set Ol ■= ^xev(L)(^XL- To an element W of this family we associate an 
(n + l)^-tuple. That is, we define a function : Ol ]R^"+^'' . If for an indice t, 

XI S At^L then let = (ro, ...,r„+i) be such that rj = 1 and the Berkovich open 
ball Bw,t is defined by the equations \{Tj /Tt—Xj^L/ Xt^L){p)\ < fj for j ^ t. If on the 
other hand xl does not belong to At,L then let rj = (0, ...0). Let hL{W) := (rj)^. 
Our discussion in Section 2.1.3 will show that the open neighbourhood G and the 
function Hl are independent of the extension L. Note that the sets will depend 
on the embedding of the variety into projective space. 

In the case of with x € Vl{L), for the embedding id : P^, the set O^^ 

associated to the construction above will be the collection of Berkovich open balls 
around x l contained in p^''^" of radius less than or equal to one while the value of 
the function /il(0) for any O S O^,^ will be its radius. 

We now introduce a class of functions from M^'q''^^ to R which we denote S. Let 
g G S if and only if 

(1) If {ri,j)i.j and {sij)ij are (n+l)^-tuples such that r^j < Sij then g{{rij)ij) < 

(2) gf is a definable function (in the model theoretic sense). 

Let g G S. By Lemma 2.7, the function g o hL ■ V{L) — > M>o has the following 
property. If Oi,02 G Ol such that d C O2 then {g o /il)(Oi)~< {g o /il)(02). 

We now provide an equivalent form of Theorem 1.1 which we generalize. We 
begin by motivating the reformulation. The goal of Theorem 1.1 is to prove the 
existence of a finite simplicial complex contained in p^'*^" so that the function / is 
constant along the fibers of the retraction morphism V(e, -). Let us assume that 
Theorem 1.1 is true. We define a function M : T — )• IR>o as follows. Let 7 € T 
and X €E P^'™ be any point for which ijj{e,x) = 7. We set M{"f) :— f{x). Let L/k 
be any complete non-archimedean valued algebraically closed field extension such 
that x e ¥]^^^{L). By definition M(7) is the minimum of 1 and the radius of the 
largest Berkovich open ball in p^''^" around xl whose preimagc is the disjoint union 
of homeomorphic copies of itself for the morphism (j/f/- The function M is well 
defined since we assumed Theorem 1.1 is true. Hence a suitable restatement of 1.1 
is the following theorem. 

Theorem 1.2. Let (j) ■.¥\ be a finite morphism. There exists a real interval 

I := [i,e] and a deformation retraction 
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which satisfies the following properties. 

(1) The image -0(6, P^'^") of the deformation retraction ip is a finite simplicial 
complex. Let T denote this finite simplicial complex. 

(2) There exists a well defined function M : T — > [0, 1] which satisfies the 
following conditions. Let 7 g T and x £ 1/^(6, _)^"'^ (7) he a point for which 
M{'-f) > 0. Let L/k be any complete non-archimedean valued algebraically 
closed field extension such that x S Pj,'™(iv). Then the following are true. 

(a) The preimage under the morphism 01" of the Berkovich open ball 
B{xl,M{^)) C P^'^" around xl of radius M{j) decomposes into the 
disjoint union of Berkovich open balls each homeomorphic to B{xl, M{'y)) 
via the morphism 0|". 

(b) Let O be any other Berkovich open ball around xl whose radius is 
less than or equal to 1 such that its preimage under the morphism 

decomposes into the disjoint union of Berkovich open balls each 
homeomorphic to O via . Then the radius of O must be less than 
or equal to A/ (7). 

We will show that Theorems 1.1 and 1.2 are equivalent in Section 5. We now state 
a generalisation of Theorem 1.2. Let (p : V ^ V he a finite morphism between irre- 
ducible, projective varieties of finite type over k. For a complete non-archimedean 
valued algebraically closed field extension L/k, let (p^ denote the morphism 

X id^ : V Xfc Spec(L) V Spec(i). 

As before, we write 0*^" : F"*" — > V^'^ for the induced morphism between the 
respective analytifications. The morphism is similarly defined and it is to be 
noted that ^f" = 0'^" x id^". The theorem will be stated in terms of the sets Oa,^ 
and the functions and g described above. 

Theorem 1.3. Let (j) :V' ^ V he a finite morphism between irreducible, projective 
varieties. Let g £ S. There exists a real interval L :— [i,e] and a deformation 
retraction 

which satisfies the following properties. 

(1) The image ip{e,V^'^) of the deformation retraction tp is a finite simplicial 
complex. Let Tg denote this finite simplicial complex. 

(2) There exists a well defined function Mg : Tg — > R>o which satisfies the 
following conditions. The function Mg is not identically zero. Let 7 6 
Tg be a point on the finite simplicial complex for which Mg{'j) =/= and 
X £ "0(6, _)~^(7). Let L/k be any complete non-archimedean valued alge- 
braically closed field extension such that x € y"(L). There exists Wx^ G 
(5 o hL)~^{Mg{j)) n such that the open set {(pTyH^XL) C V^""^ de- 
composes into the disjoint union of open sets, each homeomorphic to Wx^^ 
via 01". Furthermore, let O G Ox^ be such that its preimage under p^ de- 
composes into the disjoint union of open sets in Vf//^'^ , each homeomorphic 
to O via the morphism (pf^. Then {g o hL){0) < Mg(j). 

It is worth mentioning that the result stated above when applied to smooth 
Berkovich analytic curves over a field of characteristic zero bears some similarity 
with theorems proved in |PP) and [Balj . In |Balj . the author - F. Baldassarri studies 
a system of differential equations defined over an analytic domain of the afHne line 
over a non-archimedean valued field of characteristic zero. More precisely, let k 
be a non-archimedean field of characteristic zero and X be a relatively compact 
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analytic domain of the affine line A^''^". Let 

S : dy/dT = Gy 

be a system of linear differential equations where G is a x /i matrix of fc-analytic 
functions on X . If x G X is a fc-rational point, let R{x) = R{x, S) denote the radius 
of the maximal open disk in X with center at x on which all solutions of S converge. 
The author shows that the function R is continuous. Also, he illustrates how when 
X — A.^'^'^ there exists a finite graph T C A^'^" which controls the behaviour of 
the function R. Since A^;**" retracts to any of its finite subgraphs, this means that 
the function R is constant along the fibers of the retraction on F. If one preserves 
the restrictions on the field k and considers the case of a system of differential 
equations defined over a smooth Berkovich curve instead then a similar result holds 
true. In [PP] . the authors - Poineau and Pulita prove that associated to a system 
of differential equations over a smooth Berkovich curve, there exists a locally finite 
graph contained in the curve and a retraction of the curve onto it such that the 
radius of convergence function is constant along the fibers of the retraction. The 
result we prove in this paper and the results of Poineau-Pulita and Baldassari show 
that the behaviour of certain functions of interest are controlled by finite simplicial 
complexes associated to them. 

The goal of this paper is to prove Theorem 1.3. In Section 2 we will discuss results 
and various concepts from Model Theory and the theory of Berkovich spaces which 
we will require as well as construct the set Oxj^ for any x G V{L) where L/k is 
a complete non-archimedean valued algebraically closed field extension. Relying 
strongly on Section 2, we will prove Theorem 1.3 in Section 4. 

2. Preliminaries 

2.1. Berkovich spaces. Let y be an irreducible, projective /c-variety. By fc- variety 
we mean a separated /c-scheme of finite type. Associated functorially to y is a 
Berkovich analytic space y^". We examine this notion in more detail. 

Let AT be a scheme which is locally of finite type over k. Let A; — an denote 
the category of /c-analytic spaces (1.2.4, |B2p . Set denote the category of sets and 
Schift/k denote the category of schemes which are locally of finite type over k. We 
define a functor 

F : fc - an — > 5*6* 
Y ^ Hom{Y, X) 

where Hom{Y, X) is the set of morphisms of fc-ringed spaces. The following theorem 
defines the space X'^^. 

Theorem 2.1. (3.4-l,^\) The functor F is representable by a k-analytic space 
X^^^ and a morphism it : A"^" — X. For any non-archimedean complete field K 
extending k, there is a bijection X'^"-{K) — > X{K). Furthermore, the map tt is 
surjective. 

The associated fc-analytic space A"°" is good by which we mean that for every 
point X G X"^" there exists a neighbourhood of x isomorphic to an affinoid space. 
Theorem 2.1 implies the existence of a well defined functor 

O'^'^ -.Schift/k good k - an 
X ^ X^". 

As a set X™ is the collection of pairs {{x, rj)} where a: is a scheme theoretic point 
of X and is a valuation on the residue field k{x) which extends the valuation on 
the field fc. We endow this set with a topology as follows. A pre-basic open set is 
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a set of the form {{x,ri) £ U^'^\\f{r])\ G W}, where U is an open subvariety of X 
with / £ Ox{U), W is an open subspace of R>0 and |/(77)| is the image of / in the 
residue field k{x) evaluated at rj. A basic open set is any set which is equal to the 
intersection of a finite number of pre-basic open sets. 

The description above implies that every point of the analytification X^'^ is 
associated to a complete non-archimedean algebraically closed valued field extension 
L/k and a fc-morphism Spec(i) — X. We explore this idea further. Let xi : 
Spec(Li) — X and X2 : Spec(L2) — > ^ be a pair of fc-morphisms where Li/k and 
L2/k are complete non-archimedean valued algebraically closed field extensions. 
We set xi ~ X2 if there exists a complete non-archimedean valued algebraically 
closed field extension M of both Li and L2 and a fc-morphism X3 : Spec(Af) X 
such that 

X3 = XiO (Spec(M) Spec(ii)) 

for 1 = 1,2 and where Spec(M) Spec(Li) is induced by the inclusion Li ^ M. 
We have the following equality of sets. 

(1) = {Ui/fcffoTOspec(fc)(Spec(L),X)}/ ^ . 

The union in the above equation is taken over all complete non-archimedean valued 
algebraically closed field extensions L of k. Using (1), the morphism tt : X^" X 
which appears in the statement of Theorem 2.1 can be defined explicitly as follows. 

vr : X^'^ -> X 
[x : Spec(L) ^ X)] ^ x : Spec(L) ^ X 

where [x : Spec(L) X)] denotes the equivalence class of the point x for the 
relation ^ defined above. 

Example 2.2. If y = AJJ then as a set V'^'^ is simply the collection of multi- 
plicative semi- norms on the polynomial ring k[Ti, ■■■Tn] which restrict to the given 
valuation on k. We use A^'^" to denote the analytification of affine n-space over k. 
Similarly, as a set the analytification of a Zariski closed subset of AJJ whose ring of 
regular functions is k[Ti, ...Tn]/I is the collection of multiplicative semi- norms on 
k[Ti, ...Tn]/ 1 which restrict to the given valuation on fc. 

We now discuss the notion of the reduction map associated to a fc-affinoid space. 
The reduction map and the fc-scheme associated to an affinoid space will be of use 
when discussing formal covers in the following subsection. 

2.1.1. The Reduction Morphism. Let ^ be a commutative ring with unity. A non- 
archimedean seminorm on ^ is a function |.| : A ^ K>o such that |0| = 0, |1| = 1 
and \i f,g & A then |/ — g\ < max{|/|, \g\} and \ f.g\ < A semi norm is 

called a norm if for any a £ ^ for which \a\ = then a = 0. If |.| is a norm on A 
such that \f.g\ = \f\-\g\ then it is called a valuation. 

Let |.| be a norm on the ring A. The pair (A, |.|) is a Banach ring if A is complete 
for the norm | . | . When there is no ambiguity concerning the norm on A we suppress 
notation and refer to the Banach ring as just A. A bounded homomorphism of 
Banach rings (j) : A ^ B is a homomorphism of rings with the additional property 
that there exists a constant C £ M such that for every a £ ^, we have the inequality 
|<^(a)|8 < C.\a\A. 

Let ^ be a Banach ring. We define its spectrum Ai{A) to be the set of bounded 
multiplicative semi norms on A provided with the weakest topology such that for 
every f G A the real valued function of the form |.| — >• |/| is continuous (1.2, 
A bounded homomorphism of commutative Banach rings (j) : A ^ B will induce a 
continuous morphism M{B) — > M{A). 
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If X e M{A) and f £ A then we write |/(a;)| for the value of / at x. Let 'H(x) 
denote the completion of the field of fractions of A/ {Kev{x)) with respect to the 
norm induced on this quotient by x. 

The set A° := {x G A\\x\ < 1} is a complete sub ring of A in which A°° :— {x S 
A\\x\ < 1} is an ideal. We will set A := A°/A°°. A bounded homomorphism of 
Banach rings A ^ B will induce a morphism A B. Note that if A were a field 
then A\s a. field as well. 

For every x G M{A), we have the map A — > ^/(Ker(a;)) which is bounded and 
hence induces a bounded homomorphism of Banach rings A — > 'H{x). This in turn 

defines a morphism A ^.{x). We have in fact defined a map M{A) Spec(^) 
which we call the reduction map and denote by vr. Explicitly stated, 

tt:M{A)~^ Spec(i) 
X t-^ ker(^ -> Hix)). 

For a fc-affinoid space X :— J\A{B) where i? is a fc-affinoid algebra, we will use 
X to denote the fc-scheme Spec(i3). Concerning the reduction map in the case of 
strict fc-affinoid algebras (2.1, [B]) we have the following proposition. 

Proposition 2.3. (244, (2.3.6, [B3]j. Let A he a strict k-affinoid algebra. 
Set X := A4{A), X := Spec(^), and let Xg^n be the set of generic points of 
the irreducible components of the scheme X . Furthermore, if f E Ai (A) then let 
/Isup ■= ^'^PxeM{A)\fi^)\- With this notation, the following statements are true. 

(1) The reduction map tt : X ^ X is surjective. 

(2) For any x G Xgen, there exists a unique point x £ X with 7:{x) = x. If 
l^lsup = |fc| then there is an isomorphism k{x) ~ 'H{x). 

(3) The set ■n^^i^Xgen) is the Shilov boundary of X . 

(4) The pre-image of an open (resp. closed) subset of X is closed (resp. open) 
under the morphism tt. 

2.1.2. Formal Covers. In this section we define for any projective fc-variety V, the 
fc-scheme V and the reduction map V^'^ V. One way of doing so would be to use 
an affinoid covering of the space and "glue 'the fc-schemes arising from each 
element of the covering. However in order for the gluing to make sense, we must be 
restrictive in our choice of covering. It is to this end that we introduce the notion 
of a formal cover of a separated fc-analytic space. 

Definition 2.4. [Bj An affinoid domain in a fc-affinoid space X is said to be 
formal if the induced morphism W ^ X is an open immersion. 

The definition that follows is stated for a separated fc-analytic space which is 
discussed in detail in [B2) . The analytification of a fc-variety is an example of a 
separated fc-analytic space. We will be interested only in this case. 

Definition 2.5. Let X be a separated fc-analytic space. An affinoid covering {Wi} 
is formal if the Wi are strict fc-affinoid spaces and for any Wi , Wj belonging to the 
cover, Wi fl Wj is a formal affinoid subdomain of both Wi and Wj. 

Let X be a separated fc-analytic space provided with a formal cover W := {Wi}. 
Gluing the Wi defines a fc-scheme X^ which is reduced and of finite type. Further- 
more, the reduction map n : Wi ^ Wi for each element of the covering extends to 
a map n : X Xw 

Our notation X^ was to specify the importance of the choice of cover involved in 
defining the scheme X. In what follows we will suppress the sub script and simply 
write X. 
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The following theorem ensures that if X is a projective fc-variety of finite type 
then it always admits a formal cover. We first prove the theorem when X = p^''*" 
for some n. The result in this case is obtained by exploiting the standard chart 
associated to P^. 

Proposition 2.6. Let V be a projective k-variety. Let L/k he a complete non- 
archimedean valued field extension. There exists a finite formal cover Wl ofVl"^. 
The collection {2Ul}l has the following property. Let Li/k and L2/k he complete 
non-archimedean valued field extensions such that Li <Z L2. //OTli = {-Di}i then 

Proof. In what follows we will explicitly construct the formal cover 2Ufc. It can 
be verified that if L/fc is a complete non-archimedean valued field extension then 
extending scalars for each element of the cover by L defines a formal cover 2ITl. 

We begin by considering the case when V = for some n G N. The analytifi- 
cation of the projective line p^-*^" can be described in a fashion reminiscent of the 
"proj 'construction in the theory of schemes (2.3.3, [L]). 

Consider the fc-algebra k\Ti, ...Tn+i\. Let S denote the set of all multiplicative 
semi norms on this algebra which restrict to the standard norm on the field k such 
that \i X & S then 1X^(2:) | ^ for some i. We define an equivalence relation ^ on 
S as follows. 

X ^ y There exists c G M>o such that for any homogenous 

/Gfc[Ti,-Tn+i],|/(x)|=c'*^^(«|/(y)|. 

The set S/ ~ can be endowed with a topology in a natural fashion ( Ba ) so that 
it becomes a compact, Hausdorff topological space. We proceed further and give 
S/ ^ the structure of a fc-analytic space. Let 

Aj {x e S\\Tr{x)\ < \Tj{x)\ for every 1 < r < n + 1}. 

Observe that if a G Aj and a ^ b then b G Aj. We will abuse notation and 
denote Aj/ ^ by Aj as well. It follows that S/ ~= UjAj. Furthermore, for any 
1 < j < n + 1, Aj is in bijection with the set of multiplicative semi norms on 
k[Ti/Tj, .,Tn+i/Tj] which when evaluated at (Ti/Tj) for any possible choice of i is 
less than or equal to 1. But this is exactly the set of all multiplicative semi norms on 
the affinoid algebra Bj :— k{Ti/Tj, ., Tn+i/Tj} which restrict to the given valuation 
on k. Infact we have a homeomorphism 

6r.A,^MiB,). 

Consequently, the collection \Jij{Ai, Ai H Aj} forms a net (1.1, [B2 ) of compact 
sets on the space S/ ^. li i ^ j then Aj D Ai is isomorphic to the affinoid domain 

M(%) k{T,/T„ ..T,/T,, {TjT,)-\ .,T,,+i/T,} 

and we use Sij to denote this isomorphism. Note that Bji = Bij and the isomor- 
phisms Sij and Sji are the same. Also, Sji is simply the restriction of Sj to the 
subspace Aj n Ai. The triple {S/ ^,Uj^i{Bj,Bji},Dij{Aj,Aj Ci Ai}) is hence a 
fc-analytic space (pg 17, |B2j ) which is isomorphic as an analytic space to p^'**". 

This description of P^'^" enables us to see it as the union of n -I- 1 affinoid do- 
mains, each isomorphic to the n-dimensional Berkovich closed polydisc of polyradius 
(1, 1). We claim that {Aj} is a formal cover of p^'^". 

Since 

k{T,/T„ ..T,/T,AtJt,)-\ ..T„+i/r,} = k[T,/T„ ..TJT„ {TjT,)-\ ..T,,+i/T,], 
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the A;-algebra % = k[Ti/Tj, ..T,/Tj, {T,/Tj)-\ ..T^+i/Tj] corresponds to an open 

afEne sub scheme oiAi{Bj) and Aj n Ai is an open afEne subset of Aj. We conclude 
that our claim is verified, thus proving the proposition for the case V = p^'**". 

In the general case we make use of the fact that V is projective and hence can 
be seen as a closed subset of for some n. Furthermore for every j, Sj restricts 
to an isomorphism 

6j : n Aj ^ Mik{Ti/Tj, ..Ti/Tj, ..T„+i/T,}/7,) 

where Ij is an ideal contained in the polynomial ring k[Ti/Tj, ..Tn+i/Tj] and de- 
termined by the embedding of V into P^. We claim that the set {y'*" n Aj} will 
be a formal cover of the space F™. 

Consider the afHnoid space fl n Aj. As above, Sji restricts to an isomor- 
phism 

S,, : F^" n A, n A, ^ k{T,/T„ ..T,/T„ {T,/Tj)-\ ..T^+i/Tj}/!,. 

Observe that Spcc{k{Ti/Tj. ..T./Tj. (T./Tj)-^ , ..T^+i/Tj} / 1^) is an open afline 

sub scheme of Spec{k{Ti/Tj, ..Ti/Tj, ..Tn+i/Tj}/Ij). We conclude that our claim 
holds true. 

For a complete non-archimcdean valued field extension L/k, it can be checked 
that Wl := {V^" n {Aj x kL)}j forms a formal cover of Vg-". □ 

The topological subspace Aj c P^'*^"^ is endowed with the structure of a fc-affinoid 
space via the homeomorphism 5j. Hence we will refer to it in future as an afHnoid 
domain in p^'**" and identify it with the strict afHnoid space M{Bj). 

2.1.3. Defining the class of open sets Ol for a complete non-archimedean valued 
algebraically closed field extension L/k. Let L/k be a complete non-archimedean 
valued algebraically closed field extension. Let be a projective &-variety and 
X G V{L) be an L-point of the variety. As outlined in the introduction, the pair 
X : Spec(i) — >• V, id/, : Spec(L) — t- Spec(L) defines a closed point of the variety 
Vl = Vxk Spec(L) which we denote x l ■ We proceed as outlined in the introduction. 

The variety V admits an embedding into P^!. Hence we begin by defining the 
family O^^ when V = P^ and x € P^'™(L). In Proposition 2.6 we showed that the 
space P^''^" can be seen to be the union of n+1 n-dimensional Berkovich closed disks 
defined over k. We denoted this collection {^4;}^. Likewise p^'^" = UiAi^L where 
{Ai,L '■= AiXkL}i forms a collection of n + 1 n-dimensional Berkovich closed disks 
defined over L. For some j, we must have that xl S Aj^l- Let Ox^ be the family 
of Berkovich open balls containing xl and contained in Aj^l. Each such Berkovich 
open ball centered at a;i, will be in bijection with an n-tuple of positive real numbers 
less than or equal to 1. We proceed below in greater detail making clear along the 
way that the family Ox^^ is independent of the Aj^L for which xl E ^j,L- 

In the proof of Proposition 2.6, we introduced the following notation concerning 
the Aj^L- 

Aj,L = M{B,,l) 

where 

Br.= k{T,/Tj,..T,/T^,..T^+,/T^} 

and Bj^L '■= BjXi-L. The affinoid space M{Bj^L) is an n-dimensional Berkovich 

closed disk over L. 

The point Xl S P^ is a closed point defined over L. Let it have coordinates 
[xq^l '■ ■■■ '■ Xn+i,L] and i be any indice such that Xi^L 7^ 0. By definition of the 
space Ai^L, xl must belong to it. Using the fact that Ai^L = M{Bi^L) we define a 
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family of open neighbourhoods of , namely the collection of Berkovich open balls 
defined by the equations \{Tj/Ti — Xj^L/xi^L){p)\ < rj, where j 7^ i and rj < 1. Ut 
is another indice for which .Xf ^ 7^ then G Af^L and any such Berkovich open 
sub ball of Ai^L will also be contained in At^L- 

To be more precise, let := (ri, .., r^, .., r„+i) be an n + 1-tuple for which ri = 1 
and < 1 for any other indice h. Then r-i defines a Berkovich open sub ball of Ai^^ 
around the point xl defined by the equations \{Tj /Ti — Xj^L/xi^L){p)\ < fj for j ^ i. 
Let B denote this open subspace of Aj^^ for the time being. If t is such that Xt,L 7^ 
then it can be checked that B C At.L and further that i? is a Berkovich open subball 
of At^L- By this wo mean that there exists := (ri, ..,ri, ...Vn+i) G (0, 1)"+^ such 
that rt — 1 and B — {p\Aj^t[\{Tj /Tt—Xj,L/xt,L){p)\ < '''j]}- It can be shown that as 
B varies through all the Berkovich open sub balls of Ai^L which contain x^, it also 
varies through all Berkovich open sub balls of As^l which contain xl for any s such 
that Xs,L 7^ 0. Hence, we may define the family Oj,^ to be the collection {i3(a:L, r,)} 
for any i such that x,;.^ ^ and where := (ri, .., r^, ...r„+i) is any n + 1-tuple for 
which ri ^ 1 and r/i < 1 for any other indice h. Let Ol ■= Ua:eP"(L) ^xl- 

To an element W of this family we associate an (n + l)^-tuple. That is we define 
a function : Ol IR''"^^'' . If for an indice t, xtx 7^ then let = (ro, ....r„+i) 
be such that rt = I and the Berkovich open ball W is defined by the equations 
\{Tj/Tt — Xj^L/xt,L){p)\ < rj for j ^ t. If on the other hand Xt,L = then let 
rt = (0, ...0). Let /il(W^) := In the introduction we introduced a family of 

functions K^q''^^ — )• ffi which we denoted S. By definition, a function g belongs to 
S if and only if 

(1) If {rij)ij and {sij)ij are (n + l)^-tuples such that rtj < Sij for every i,j 
then g((r,,j),j) < .g(Gs,,j),,j). 

(2) g is a definable function (in the model theoretic sense). 

Lemma 2.7. Let L/k be an algebraically closed complete non-archimedean valued 
field extension and g E S. Let 0\ and O2 belong to O^^ such that Oi C 02- The 
following inequality holds true. 

{gohL)(Oi) < {gohL){02). 

Proof. In the course of the proof we will make use of this fact: Since the field L 
is algebraically closed and endowed with a non-trivial valuation, its value group 
is dense in R>o. Let /il(C'i) := (ro, r„+i) and /?-l(C'2) := (rf,, r^^^). If 
Tt = (ro,t, ....rn+i,t) and r^ = [r^ j, ....r'^j^i j) then we claim that for every i, t, ri^t ^ 
r- J. We proceed by assuming the contrary. If for some t there exists an i such that 
r-i.t > r^ /. then we can find an element yi E L such that ^ < \{yi/xt — Xi/xt)\ < r^. 
The element [xq : .. : j/j : .. : x„+i] will belong to 0\ but not O^- This is not 
possible and we must hence have <r[. Our choice of the function g implies that 
the inequality {g o <{go /ii,)(02) holds. □ 

If V is an arbitrary projective A:- variety then is isomorphic to a closed 
analytic subspace of P^''^" for some n. We identify with this analytic subspace. 
Let X e V{L) c P"(i). We defined a family of open neighbourhoods of xi, in 
P^'™ which we call Oajj^.pj "" for the time being. Restricting every clement of this 
family to V^" will define the family Ox^, of open neighbourhoods oi xl in V^"- 
Hence O^^ = {W C\Vl''\W e O^^pJ'--}- For any such W n V^^" G O^^ where 
W G Oa^^^pj."", we set hL{W n V^") := /il(W). The following lemma implies that 
the family of open neighbourhoods Ox[^ for x G V{L) does not depend on the 
extension L/k. 

Lemma 2.8. Let L' jk and L/k be complete non-archimedean valued algebraically 
closed field extensions such that L C L'. Let x G V{L). We have the following 
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equality of sets. 

0^^,^{OxLL'\OeO^,}. 
Furthermore, if O £ Ox^ then Hl'^OxlL') — hL^O). 

Proof. It can be inferred from the discussion above concerning the family Oxj^ that 
it suffices to prove the lemma assuming V = F^ for some n S N. li x G P'^{L) then 
there exists exactly one point on the fiber over xl for the projection morphism 
P£ X L L' — P£ and {xl)l' = xl'- We assume without loss of generality that 
XL G with homogenous coordinates [xq^l ■ ■■■ ■ Xn+i,L]- If x^/ has homogenous 
coordinates [xo,l' : ... : Xn+i,L'] then xj^L/xi.L = Xj,L'/xi^Li for all j. 

Let O e Oxi^. By definition, O must be of the form {p e A,^l\ Aj HTj/T^ - 
Xj,L/xi,L){p)\ < Tj}. It follows that Ox iL' = {p £ Ai^L'l^iliTj /T,-Xj^l' /xi,L'){p)\ < 
Tj} which is an element of Ox^, . Hence {Ox^L'IO G O^j,} C Ox^, and h^'iOx ^L') = 
hLiO). 

Let O e Oxj-,. By definition, O must be of the form {p e A^^l'I Aj \{Tj/Ti - 
Xj,L' /xi^L'){p)\ < rj}. Using the equality Xj^l/xix = x.jX'/xi^l', the image of 
this open set under the projection morphism AiLX^U Aix is of the form 
Co := [P e Ai,L\ Aj \{Tj/T, - Xj,L/xi^L)lp)\ < rj}. It follows that OqXlL' = O. 
Hence Ox^, = {OxlL'\0 (E OxJ. □ 

2.2. Model Theory. In this section we will briefly discuss a Theorem of Hrushovski 
and Loeser which is central to the proof of Theorem 1.2. The theorem which was 
proved in |HLj involves considerable use of Model theory jP] . In the following section 
we will make clear how the theorem implies a deep result about certain Berkovich 
analytic spaces. The first chapter of the paper jHLI is devoted to introducing the 
basic notions of Model theory (Language, Theory, Model, Structure, type, definable 
type....) which we will assume the reader is familiar with and proceed to outlining 
the general framework within which the theorem is stated. 

We will use the many sorted language Lq consisting of the sorts VF, T and k for 
the valued field, the value group and the residue field with the ring, abelian group 
and residue field language respectively as well as the geometric sorts 5'„ and T„ for 
n > 1 (2.6, |HL| ) . The theory ACVF of Algebraically closed valued fields admits 
both elimination of imaginaries and elimination of quantifiers in the language Lq. 

To make sense of Theorem 2.8 one must understand the concept of a stably 
dominated type (Definition 2.5.2. |HL) ). Let A be some substructure of U where U 
denotes a large saturated model of ACVF. In the theory ACVF, an A-definable 
type is stably dominated if and only if it is F-orthogonal (Proposition 2.8.1, [HE] ). 
We now define a F-orthogonal type. 

Definition 2.9. Let A be a substructure of U and p be an A-definable type. Then 
p is said to be V -orthogonal if for any model M containing A and a realization a of 
P|M) we have that T{dcl{M U a)) — T{M) where dcl{M U a) denotes the definable 
closure of the set M U {a}. 

Let V he a, quasi-projective variety over a non-archimedean valued field. Let 
X (Z V X be an A-definable set where A C VF U Fqo and I e N. For any 
substructure C containing A, we define X{C) to he the set of C-definable stably 
dominated types which concentrate on X (3.2, |IIL| ) . We briefly explain how the 
set X can be given a topology. 

As a set y X F^ = V x F'^^ (3.4,[HL]). We endow V with a topology by defining 
a collection of pre-basic open sets. Any basic open set is the intersection of a 
finite number of pre-basic open sets. A pre-basic open set of V is of the form 
{p G 0|val(/),(p) G W} where O C F is an open subspace of V^, / a regular 
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function on O and W an open subset of Too- The notation val(/)*(p) requires 
some explanation. Firstly val(/) denotes the composition O VF — !• Too- As 
/ is regular, val(/) is definable. val(/)*(p) is a definable type in Too defined by 
(ivai(/).(p)(^!>(2,2/)) = dp(^(val(/)(a;), y)). It is in fact a stably dominated type on 
Too and is hence constant (2.7.1, |HLp . The set V x can be given the product 
topology and we let X have the subspace topology. Like the space V^'^, the k- 
points of the variety V{k) can be embedded into V{k) which is the set of stably 
dominated fc-definable types which concentrate on V if we give V{k) C V the 
topology generated by the fc-definable open sets of V . 

We are now in a position to state the Theorem of Hrushovski and Loeser (The- 
orem 10.1.1, [HLl) which we will use later. 

Theorem 2.10. Let V he a quasi projective variety over a non-archimedean valued 
field. Let A C VF U Fqo and X (ZV x F^ he an A-definahle set. Then there exists 
an A-definahle continuous deformation retraction 

H : L X X ^ X 

whose image Z is definahly homeomorphic to a definable suhset of F^ for some 
finite A-definahle set w such that the following conditions are satisfied. 

(1) Let R denote a finite collection of A-definahle functions S^i : V ~^ Too- 
Then every ^ R extends to a pro-definable function '■ V V . We can 
choose H so that ^ioH — ^i. This implies that if one were to choose a finite 
number of suhvarieties in X then the homotopy restricts to a homotopy of 
each of these sub varieties. 

(2) If G is a finite algebraic group acting on V such that it preserves X then 
the homotopy is equivariant for this action. 

(3) H satisfies the star property, namely 

H{ei,H{t,x))^Hiei,x) 

(4) H fixes the image of the homotopy. 

(5) When X — V and I — 0, one may require that the image of the homotopy 
is Zariski dense in Vi for every irreducible component Vi of V . 

(6) Any point in the image, viewed as a stably dominated type has equal tran- 
scendence degree and residual transcendence degree. That is to say that if 
p, q were two elements of X contained in the image of the homotopy and 
M \= ACVF which contains AUVF and AUT then if c \= p\M and d \^ q^^j 
then 

DegtrM{M{c)) = DegtrM{M{d)) 

and similarly 

Degtr^M)KM{,c)) = Degtr^M)k{M{d)) 
Here k{M) is used to denote the corresponding residue field of the model M . 

2.2.1. Restating Theorem 2.9 for Berkovich Spaces. What follows in this subsection 
is a restatement of [13.1, [HL J. Let F be a valued field such that its value group 
is a subset of Moo so that (F, F(F)) can be viewed as a substructure of ACVF for 
the sorts VF and F. 

Let 1^ be a quasi projective variety and X be an F-definable subset of V. We 
define the Berkovich space Bf{X) to be the set of types concentrating on the space 
X and almost orthogonal [2.4, [HLj ] to it. We define an almost F-orthogonal type 
as follows. 
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Definition 2.11. If C C U and p is a C-type then we will say that p is almost 
orthogonal to T if for any realization a of p we have that T(M{a)) — T{M). 

The space Bp{X) can be endowed with a topology. We proceed as when we 
defined a topology on X. A pre-basic open subset of Bp{X) is of the form {p 6 
Bp{X n 0)|val(/)*(p) e W} where O C F is an open subspace of / a regular 
function on O and W an open subset of T^o ■ 

If V is an F- variety then Bf{X) is homeomorphic to the space discussed 
previously. We now describe how X relates to the Berkovich space Bp{X). 

Let K he a maximally complete, algebraically closed field containing F having 
value group contained in R and let p G X{K). Then is a K-type, and the 
formulas in p whose parameters lie in F will define an almost F-orthogonal F-type 
i.e. an element of the Berkovich space Bp{X). We have thus defined a map 

7? : X{K) ^ Bp{X). 

Proposition 2.12. (13.1.1,^^^) If X is an Y-definahle subset of an algebraic 
variety then the morphism rj : X{K) Bp{X) is surjective. 

Although Theorem 2.9 concerns itself with the space X, it can be deduced that 
the homotopy constructed induces a homotopy on the Berkovich space Bp{X) of 
almost F-orthogonal F-types such that the image of this retraction is the space 
Z{F) (Section 13, [IJLJ. Furthermore, (1) (which is the only condition we will 
use) of the above result is also fulfilled by the induced deformation retraction. To 
be precise, we will formulate a version of Theorem 2.9 for the space Bp{X) but 
Specialise X only to the case we will require. 

Proposition 2.13. Let V be a quasi-projective variety over a non-archimedean 
valued field F. Then there exists an F -definable continuous deformation retraction 

H -.1 X Bp(y) Bp{V) 

whose image Z is definably homeomorphic to a finite simplicial complex. 

(1) Let A C VF X F'q^. Given a finite number of A- definable functions £,i '-V ^ 
Too; we can choose H so that it satisfies each of the ^i. This implies that if 
one were to choose a finite number of subvarieties in V then the homotopy 
restricts to a homotopy of each of the analytifications of these subvarieties. 

3. A Technical result 

In this section, we prove a result which we will make use of in Section 4. The 
general background is as follows. Let L/k be a complete non-archimedean valued 
algebraically closed field extension. Let A :— L[Ti, ..,Tn] and Ii be an ideal in 
this polynomial algebra such that C :— A/Ii is an integral domain. Let _D be a 
finite C-algebra which is also an integral domain. Hence D = A[Si, .., Sm]/{Ii, I2) 
where I2 is an ideal in the polynomial algebra B := L[Ti, ..Tn, Si, ...Sm]- Let (j) 
denote the finite morphism Spec(-D) Spec(C). It induces a finite surjective 
morphism : (Spec(D))'^" ^ (Spec(C))'^". Let C := L{Ti, ..,Tn}/ Ii. The strict 
affinoid space 7W(C) is an affinoid domain in (Spec(C))^". By (2.1.8, 2.1.9, [53]), 
the finiteness of the morphism cf)^'^ implies that C[Si, ...Sm]/ 12 is a strict affinoid 
algebra and 

{rn'\M{c)) = M{c[Si, ...Sm]/h)- 

Let V denote the affinoid algebra C[S'i, ...S'„j]//2 = L{Ti, ..,Tn, Si, Sm} / {h, h}- 
Let A := L{Ti, ...,T'„} and B := L{Ti, ...,T„,5i, ....,Sm}- 
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From (6.1.4, [B]) we know that A4{A) and M{B) are simply connected and the 
afBnoid spaces M{C) and A^(2?) which are closed subspaces of M{A) and M{B) 
respectively are pathwise connected. 

Let X be an L-point of Ai(C). That is to say, x lies in the image of the injection 
Spec(C)(L) ^ (Spec(C))™. Let W denote the Berkovich open ball around x of 
polyradius (ri, ....,r„) where the are positive real numbers less than or equal to 
1 contained in Ai{A). Clearly, W Ci A4{C) is an open neighbourhood of the point x 
in. Ai{C). The following proposition concerns itself with the nature of the preimage 

(f>-^{wnMiC)). 

Proposition 3.1. The connected components of {(l)^'^)~^{Wr\A4{C)) must be of the 
form Vy- r\Ai{'D) where Vy- is a Berkovich open ball in A4{B) centred at yi € (j)~^(x). 

Proof. The Berkovich open ball W C Ai{A) has polyradius (ri,...,r„). The fol- 
lowing argument allows us to reduce to the case when £ \L*\ for every i. 

Let us assume that the proposition holds true when e \L*\. Suppose then that 
for some i, Vi ^ \L*\. Let L' /L be a complete non-archimedean valued algebraically 
closed field extension such that Vi £ \L'*\ for every i. Let Cl' ■= C^lL', := 
V^lL' and Al' ■= Ai^lL'. There exists exactly one point in M{Cl') on the fiber 
over x which wc call x as well. Let Wl' denote the Berkovich open ball in M{Al') 
around x of polyradius (ri, .., r„). 

Consider the following commutative diagram. 



hi) 



M(V) 



■MiC) 



The projections in the figure above are surjective and open morphisms. The 
morphism is a finite L-morphism and L is algebraically closed. It follows that if 
Ui e (t)^^{x) then yi £ Spec{L[Si, Sm]/ l2){L). Hence for every such yi £ 0~^(a;) 
there exists exactly one point in Ad{'DLi) on the fiber over yi which we call yi as 
well and 

{r^r\x)^{<t,^^)-\x)^<t^-\x). 

Our assumption above implies that 

where the Vy^j^, are Berkovich open balls in A4{Bl') centred at the yi € {(j)Yi)~^{x). 

It can be checked that the preimage of the open neighbourhood W Ci A4 (C) for 
the projection p is the open neighbourhood Wl' n A^(Cl')- Furthermore, it can 
be verified that for any i, the image of the open nighbourhood Vy-j^, n A^(I?l') for 
the projection p is of the form Vy- f) A^(P) where Vy^ is a Berkovich open ball of 
the same polyradius as Vy.j^, around yi. From the commutative diagram above we 
have the equality 

{rn'\w n M{C)) - u,,e(0^")-H-)n. nM{v). 
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The Vj,. n M{'D) are connected but not necessarily distinct. However if for some 
Vy^ n M{V) ^ Vy. nM{V) then they are also disjoint. 
We now prove the proposition when the Berkovich open ball W £ A4{A) has 
polyradius (ri,...,r„) such that for every i, G \L*\. We assume without loss of 
generality that the point x G A^(C) is defined by the equations (T^ = 0)^. Let C := 
L{r^^Ti, ...,r~^Tn}/Ii. Observe that the affinoid space Ai{C') is the intersection 
of the Berkovich closed disk centred at x in A4{A) of polyradius (ri,..,r„) and 
(Spec(C))^'^. Let V := C'[Si,..,S,n]/h- By (2.1.8, 2.1.9, [B3]), V is a strict 
L-affinoid algebra since it is a finite C'-algebra. Furthermore, 

{(b'^'THMiC)) = M{V'). 

Let Si := \\S,\\v'. Thens, < 1 and P' = LK^Ti, r'^T^, s^'Si, .., s-i5™}/(7i, /a) 
We make use of the reduction morphism discussed previously in Section 2.1.1. Let 
L denote the residue field of L. Recall that associated to the strict L-afiinoid space 
Ai{C') is an affine L-scheme of finite type which we denote A4{C') and a reduction 

morphism tt : M{C') MiCJ). The L-scheme MiCJ) is in fact Spec(C') where C' 
is the residue algebra associated to C The image of the L-point x G M.{C') via 

the reduction map is an L-point of the L-scheme A^(C'). It can be checked that 
7r~^(7r(a;)) is the open neighbourhood W n M.{C') of x. 

The finite morphism of affinoid algebras C — >■ V induces a finite morphism 
between their respective residue algebras C — )■ V and hence a finite, surjective 

morphism : A^(2?') M.{C'). Finiteness follows from the finiteness of the 
morphism C — > 2?'. Surjectivity can be seen by noting that the set of preimages 

of the generic points of the scheme A^(C') for the reduction morphism is exactly 
the shilov boundary of the afiinoid space A^(C'). Using the following commutative 
diagram and the fact that M.{I)') — > M.{C') is surjective will prove that (j)^^ is 
surjective. 



M{V') ^ — ^M[C') 



As before, let ^{x) — {yi, ■■■yk}- The {yi}i are L-points of the affinoid space 

A^(2?') and their images in A4{T>') are L-points which map to Tr{x) via 0™. From 
the commutative diagram above, we have the following equality 

i 

Restated this means {(1)^'^'^)'^-^{W) — {Ji^r'^^i'^iyi))- Using the equahty 

it can be verfied that for any i, 7r~^ (7r(j/i)) is an open set of the form Vy. n A^(P'), 
where Vy^ is the Berkovich open ball around yi of polyradius (ri, .., r„, si, Sm) 
in (Spec(i?))™. Note that the Vy^ need not be distinct for different i. However 
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if for some Vy. ^ Yy- then they are also disjomt. For any two points a,b € 
Vy- CiM {V), it is possible to find an afhnoid subspace of Vy. CiM (V) containing both 
o, b and of the form J n A4{'D') where J is a Berkovich closed disk in (Spec(i3))'^". 
Using (6.1.4, [B]), there exists a path connecting a and b contained in K/. r]M-{'D') 
thus implying that Vy^ fl M.{V') is connected. □ 



4. Proof of the Main Theorem 

In this section we prove Theorem 1.3. Let V and V' be irreducible, projective 
fc-varieties and be a finite morphism from V' — >■ V. The morphism (f) induces a 
morphism between the respective analytifications. Hence we have 

^an . y/an _^ yan^ 

In the introduction we introduced a class of functions from K.I^q^^'' to M which 
we denoted S. By definition, g G S ii and only if 

(1) If {ri,j)ij and {sij)ij are (71+ 1) ^-tuples such that rij < Sij then g{{ri,j)ij) < 

(2) g is a definable function (in the model theoretic sense). 
The statement of Theorem 1.3 is as follows. 

Theorem 1.3: Let (f> : V' ^ V be a finite morphism between irreducible, projec- 
tive varieties. Let g £ S . There exists a real interval L [i, e] and a deformation 
retraction 

ip-.LxV"^^ 

which satisfies the following properties. 

(1) The image ip{e, V^^) of the deformation retraction ip is a finite simplicial 
complex. Let Tg denote this finite simplicial complex. 

(2) There exists a well defined function Mg : Tg R>o which satisfies the 
following conditions. The function Mg is not identically zero. Let 7 G 
Tg be a point on the finite simplicial complex for which Mg{'j) ^ and 
X G 7/;(e, _)~^(7). Let L/k be any complete non-archimedean valued alge- 
braically closed field extension such that x G V'^^{L). There exists Wx^ G 
(5 o /iL)-^(Afg(7)) n such that the open set {(l)T)~^{WxJ C 1//^" de- 
composes into the disjoint union of open sets, each homeomorphic to Wx^^ 
via 4>^ . Furthermore, let O £ Ox^ be such that its preimage under (/)|" de- 
composes into the disjoint union of open sets in V[^^, each homeomorphic 
to O via the morphism cff^ . Then {g o hL)[0) < Mg{--f). 

We provide a sketch of the proof before formalizing it. Since V is projec- 
tive, for some n G N there exists an embedding V ^ P'^. By definition, = 
proj(fc[To, T„_|_i]). This identification allows us to define an open affine cover 
of P^. Let R, k[To/T^, ....,T„+i/T,] and Ui = Spec(i?,)- We then have that 
= iJiUi. We identify V with its image in P^ making {Ui Ci V}i an affine 
open cover of V. Let li be that ideal in the polynomial algebra Ri such that 
UiHV = Spec{R^/Ii). We set P, := Ri/h. The embedding V ^ f"^ induces an 
embedding V^^ ^ p^ian^ Section 2 we used this embedding to construct a for- 
mal cover of the analytic space V^^, namely the collection {Aj n V^^}j. Recalling 
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our notation from Section 2 explicitly, we have 

:={xGPr"im(x)|<|T,(x)l} 
B, :^k{T,/T„..T,,+,/T,} 
Bj, k{T,/T,, .,TJT,, {T,/T,)-\ .,T„+i/T,} 
Aj =M{Bj) 
AjnA, = M{B,^). 

Observe that for every j, Aj is an affinoid domain of the analytic space C/J". Since 
the morphism is finite, the preimage of every element of the open affine cover 
{Ui n V}i is an affine open subspace of the variety V . Let U- := (j)~^{Ui fl V). 
Since (f>^ij' : C// ^ [/^ n F is a finite morphism, there exists G N and an ideal 
/■ in the algebra Ri[Sii, ...Simi] such that Ri[Sii, .., S'imi]/ {li, ![) is the finite Pi — 
Ri/Ii algebra for which U[ = Spec(i?i['S'ii, ••, 5'imJ/(^i, The finiteness of the 
morphism 0*^" implies that the preimage A'^ := (0''")~^(Ai nF™) is a strict affinoid 
space. Furthermore by (2.1.8, 2.1.9, [53]), B[ := B^[S^l, S^„,,]/ h) is a strict 
affinoid algebra and n V'^'^) — MlJS'i). We make these simplifications to 

employ Proposition 3.1. 

Let L/k be a complete non-archimedean valued algebraically closed field ex- 
tension. The objects discussed above, be they ringed spaces or algebras, were all 
defined over k. In what follows we will suffix any such object with 'L' to denote an 
extension of scalars by L. For example, Aix = Ai y-^ L. 

Let X be an i-point in such that xl belongs to Aix H V^^. In Section 
2.1.3 we defined a family of open neighbourhoods of a;^ which we denoted Ox^ ■ By 
definition, each member of O^i^ will be contained in Ai,L. Hence the preimage of 
each member of this family will be an open subspace of M{Bl ^). Via the function 
/iL, to each open set in Ox^ we associated an l)^-tuple of positive real numbers 
which quantifies its size. Let Qx^ denote the sub collection of open sets in Ox,^ such 
that if W S GxL then is the disjoint union of open sets in F"*" each 

homeomorphic to W. Lemma 4.1 will show 

(1) If a; G V{L) and L' /L is a complete non-archimedean valued algebraically 
closed field extension then Qx^^, — {Gx lL'\G G Gxl}- 

(2) The set {/il(G)|G G GxA C M("+i)' is definable. 

Let 5 G 5 where S is as defined above. For any x G V{L), let gsup{x) denote 
the supremum of the set {{go hL){W)\W G Qxl} when Qxl is non-empty and 
let it be otherwise. By Lemma 4.1, gsup is a well defined, definable function 
from V — K>o. It follows that the function gs^p extends to a definable function 
yan _^ ^yQ, Applying Theorem 2.12 will prove Theorem 1.3. 

Lemma 4.1. Let x G V{L) and L' /k and L/k he complete non-archimedean valued 
algebraically closed field extensions such that L C_ L' . Then the following hold. 

(1) Gx,, ^{GxLL'lGeGxJ. 

(2) The set {/il(G)|G G GxJ C R("+i)' is definable. 

Proof (1) Let the point x G V{L) be such that xl G Vl'TiAi. By Lemma 2.8, 
it suffices to show that G G Gxl if ^^'^ only if Gx lL' G Gx^, ■ To do so we 
make use of the following commutative diagram. 
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The vertical arrows denoted by p are the projections M{Bi^L) x ^ L' — >• 
M{Bi,L) and {Ai^L n V^") x^L' ^ Ai^L n F^". The projections are both 
surjective open morphisms. Let G G Gxl- Since S Vl{L), there exists 
exactly one point on the fiber over the point xl and (xl)l' = xl' ■ Likewise, 
if yt,L G {(j)Y^)~^{xL) then there exists exactly one point on the fiber over 
yt^L for the projection p, namely yt,L'- 

'Let p-^{G) = G XL L' c A.^l' H V^f be such that {(j)Y))-^{G xl L') 
decomposes into the disjoint union of homeomorphic copies oi G XlL' via 
the morphism (fyf). Then by Proposition 3.1, 

where Vy^ ^, is a Bcrkovich open ball centred at yt,L' and contained in 
the Berkovich closed disk A4(L'{To/r„ T„+i/Ti, 5i, .., S^^]). The im- 
age of Vy^ ^1 n A4{Bl L') for the projection morphism p is the space V^,^ fl 
A4{Bi^L), where Vy^ is a Berkovich open ball centred at yt^L contained in 
M{L{To/Ti, Tn+i/Ti, Si, .., S^J) having the same polyradius as Vy^^^, . 
Prom the diagram, it can be inferred that the restriction (?!'|")|(,/,an)-i(G) 
is open and continuous. It remains to show that for any yt.Li the re- 
striction {4'Y^)\Vy^ ^r\M{B'- ^) is bijective onto G. Firstly, note that the 
spaces Vy^^^ n M{B[ l) and G are defined by a finite number of formu- 
lae. Observe that wc need only show that for every algebraically closed 
complete non-archiniedean valued extension M/ L the morphism (p^[M) : 
i^yt.L f^-^{^t.L))i^) ^ G{M) is bijective. This statement is equivalent to 
a scntcincc in the theory ACVF. It can be checked that the sentence holds 
true for the field L. Since the theory ACVF is complete, it follows that the 
sentence is true for every model of this theory. 

Similarly, let G S Gxl- Wc will show that G Xi L' G Gx^r- We borrow 
all our notation from the previous case. Once again we have 

Using arguments identical to the previous case, we need only show that for 
any yt l' the restriction nM(B' ) is bijective onto G Xl L' to 

' ^t.L' ^ i,L' ^ 

conclude a proof of the first part of the lemma. This can be accomplished 
by observing that for the field L', the morphism {4)Y))\{Vy ,nA4(8' ,))(L') is 
bijective onto Gxl L'{L') and using the completeness of the theory ACVF. 
(2) Let the point x e V{L) be such that xl & V^" n Ai^L- In our sketch of the 
proof of Theorem 1.3, wc introduced the affine cover Ui^L H Vl of Vl and 
called attention to the fact that Ai^L C Uf^. The morphism restricts 
to a morphism (j)L ■ U[ ^ — > H Vl where the affine L-scheme U'^ l is of 
the form Spec(L[To/Ti,' Tn+i/Ti, Sn, .., Sim,]/{Ii,L, IIl))- As outlined in 
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the introduction to this section the preimage A'^ ^ := {Ai^L n V^") 

will be an afRnoid domain in the space Ul^£. Let {yi,L, ■■,yt,L} denote the 
collection of preimages of the point xl for the morphism (f)f^. Since L is 
algebraically closed, the yt^L are all defined over the field L. 
Recall that if G € 0^^ then by Proposition 3.1. 

(2) {<I>T)-\G) = U,,,e(n»)-Mx.)(^i/*.. n MiBlr.)) 

where V^^^ is a Berkovich open ball centred at yt,L and contained in the 

Berkovich closed disk M{L{Tq/T„ Xa+i/T„ 5i, 5™.}). Every clement 
of Oxj^ is contained in the affinoid space Ai^^. By definition, every element 
of is equal to the intersection of a Berkovich open ball around xl 
contained in Ai j^ and the space V^". 

Let O G Oxi- The (n + l)^-tuple hL{0) = {rj)j is dependent entirely on 
its i-th component, namely r^. Let = (n, r„+i). By definition, = 1 
and the n-tuple (ri, .., r^-i, r^-i-i, ., r„_|-i) is the polyradius of a Berkovich 
open ball around in Ai^L such that its intersection with V^" is O. Using 
equation (2), observe that an element O will lie in Qx^^ if and only if rj 
satisfies each of the following conditions. 

(a) For every j, rj is a positive real number less than or equal to 1. 

(b) If Sj, is an n + 1 + rrii tuple of real numbers then we use B{y,Sy) to 
denote the Berkovich open ball around y of polyradius Sy contained in 
M{L{Ti/Ti,..,Tn+i/Ti,Sn,:,Sim,}). For every yt,^ e ^'\xl) there 
exists Sy^^ e such that the restriction of ?!>|" to B{yt,L,Sy^,L)^ 
M{Bl^)' is bijcctive onto B{xL,r,) n V^". 

(c) Every open subset in the preimage ((/>|" ) ~ ^ (xl , r j ) n V^" ) must map 
to an open subspace of B(a;i,, r^) D VJ" via <^|". 

The first condition defines a definable subset of K"+^ . Wo can show 
that condition (b) is definable by noting that in order for the restriction 
^|B(yt,L,sj,t,i,)nA4(B^) to be surjective onto B{xL,ri) f\ M{B^^lI h,L), we 
must have that for every clement z G B{xL,TCi) n M{Bi^L/Ii,L), there ex- 
ists z' e B{ytx,Sy^^^) n M{Blj^) such that (t>Y^{z') = z. Similarly, the 
restriction {(l>T)\B(yt,L,sy^ j^)nM{B[ j^) will be injective if for every € 
B{yt,L,Sy,L)f\M{B[i^), '^{z[) = '(j){z'2) implies z[ = 4. 

To show that condition (c) describes a definable subset of , we 

make use of the open sub basis for the analytification U-^^ outlined in 
Section 2.1. An open basis for the C//^ will be defined by a finite number 
of rational functions belonging to Ou^ ^{U-j^). A similar description exists 
for the space U^l . It follows that the statement - the morphism 01" is open 
when restricted to (0|f )~^(i?(xL, rj) n V^"), can be expressed in a formula 
with free variables {ri)i. 

Since the n + 1 tuple completely determines the clement G € Ox^ , it also 
determines the (n + l)^-tuple hL{G) = {rj)j completely. The n+ 1-tuples 
Tj are all definably expressible in terms of the rj. This shows that the set 
{hL{G)\G e Qxl} is indeed a definable subset of 

□ 

We now prove Theorem 1.3. 

Proof. Our goal is to obtain a suitable definable function from V — > K>o and 
apply Theorem 2.12 which guarantees the existence of a finite simplicial complex 
along with a deformation retraction onto it so that the function is constant on the 
fibers of the retraction. It is with this purpose in mind that we showed that L/k is a. 
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complete non-archimedean valued algebraically closed field extension and x € V{L) 
then the set {/il(G)|G e Gxl) is a definable subset of M"^^ . 

We define gsup ■ V R>o as follows. If a; e V{L) is an L-point of the variety 
where L/k is a complete non-archimedean valued algebraically closed field extension 
then we let gsup{x) be the supremum of the definable set {g o hL){QxL) and if Qx^ 
is empty then gsup{x) '■= 0. Using Lemma 4.1 the function gsup is well-defined 
and definable. Consequently, f^sup extends to the analytification y^". To explicitly 
write down the extension (/sup : V^^ ^>o, we take note of the fact that the 
space is also the space Bk{V) (cf. Section 2.2.1). Let x e V™. There exists 
an non-archimedean valued algebraically closed field extension L/k such that the 
image of x for the canonical morphism tt : V^"^ — >■ V lies in V(L). The element 
tt{x) is the realization of the type corresponding to x and it is rational over the 
extension L. We must then have gsup (2^) = (?sup(7r(a;)). 

By Theorem 2.12, there exists a subset Tg of F*", a real interval I := [i, e] which 
is homeomorphic to a finite simplicial complex and a deformation retraction 

with image Tg such that the function gsup is constant along the fibers of the map 
^/^(e, _). By which we mean g^up o 4>{^,-) = 9sup- We define Mg : Tg — )• Ili>o as 
follows. If a; e V{L) retracts to A € Tg then we set Mg{X) := gsup{x)- Since 
gsup o V-'(6j -) = 9sup, the function Mg is well defined. 

We now show that the function Mg is non-zero. In our sketch of the proof of 
Theorem 1.3, we introduced the afline cover {Ui fl V}i of V and called attention to 
the fact that Ai C ?7f". The morphism (}> restricts to a finite, surjective morphism 
(j) : Ul ^ Ui n V . Without loss of generality, we can assume Ui and C// are both 
reduced. As </) is a finite morphism between integral affine varieties, there exists 
an affine /c-varicty [/" and morphisms ipi^i : U^ U" and (j)2,i ■ U^' Ui D V 
such that 4>i^i is separable, 4>2,i is purely inseparable and (j)\ui = (j)2,i o (j)i^i. Note 
that (^i™ is a homeomorphism. Let Ei denote the open subspace of f//' over which 
the morphism (f)i,i is etale. Then Ei is non-empty and open since is separable. 
It follows that there exists a point x € V{k) (lUi and a neighbourhood 6 of this 
point which is open in {V fl J/j)*^" such that the morphism (j>^^^^nyi(^0^ is locally a 
homeomorphism at every k point in This statement relics on the fact 

that (bf) is a homeomorphism and that we can choose 9 so that {4>2a)~^{(^) C Ef^ 
and {(p"-'^)^^{6) is contained in the analytification of the non-empty smooth locus 
of UI- From this it can be seen the function Mg is indeed not equal to zero. 

Let L/k he a. complete, non-archimedean valued algebraically closed field exten- 
sion. Let z e retract to a point A e Tg. If M(A) > then by definition 
M{X) = gsup{z) and it can be checked that {g o /ii)~^(M(A)) n Qz^ is not empty. 
It follows that there exists W^,^ €{go hL)~'^{M{X)) n O^^ such that {(t>T)~^{WzL) 
decomposes into the disjoint union of homeomorphic copies of W^^ ■ Furthermore, 
if W'z^ e Ozi^ is such that {(j)Y^)~^{Wl^) decomposes into homemorphic copies of 
W',^i\ieng{W',)<g{W,,). □ 

5. The Equivalence of Theorems 1.1 and 1.2 

In the introduction we announced that the goal of this article was to prove a 
generalization of the following theorem. 

Theorem 1.1: Let (j) : ¥\ ^ f'\ he a finite morphism. Let x G p^'™ and L/k 
he any complete non-archimedean valued algehraically closed field extension of k 
such that x G P^'^'^(L). Let f{x) be the minimum ofl and the radius of the largest 
Berkovich open ball B around xl whose preimage under (j)^ is the disjoint union of 
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homeomorphic copies of B via </>!" . The function f : P^'*'" — > M>o is well defined. 
There exists a finite simplicial complex T c P^'™, a real interval I := [i, e] and a 
deformation retraction 

such that V'(e, Pj.'*'") = T and the function f is constant on the fibers of this retrac- 
tion. 

To make the connection between Theorem 1.1 and its generahzation clearer, we 
introduced Theorem 1.2 and claimed that it was equivalent to 1.1. Recalling the 
statement of Theorem 1.2. 

Theorem 1.2: Let : Pj. — ^ P^ he a finite morphism. There exists a real interval 
I := [i,e] and a deformation retraction 

which satisfies the following properties. 

(1) The image -0(6, P^''^") of the deformation retraction ip is a finite simplicial 
complex. Let T denote this finite simplicial complex. 

(2) There exists a well defined function M : T — >• [0, 1] which satisfies the 
following conditions. Let 7 € T and x € ip{e, _)~-^(7) be a point for which 
M(7) > 0. Let L/k be any complete non-archimedean valued algebraically 
closed field extension such that x e P^'™(L). Then the following are true. 

(a) The preimage under the morphism ^f" of the Berkovich open ball 
B{xl, M{'^)) C P^''™ around xl of radius M{'j) decomposes into the 
disjoint union of Berkovich open balls each homeom,orphic to B{xl, -^(7)) 
via the morphism, 0'™. 

(b) Let O be any other Berkovich open ball around xl whose radius is 
less than or equal to 1 such that its preimage under the morphism 
(j)^ decomposes into the disjoint union of Berkovich open halls each 
homeomorphic to O via (jyf^. Then the radius of O must be less than 
or equal to M{'y). 

We now provide a short proof of the equivalence of Theorems 1.1 and 1.2. 

Proposition 5.1. Let (/) : ^ Pj, be a finite morphism. Given such a morphism, 

Theorems 1.1 and 1.2 are equivalent. 

Proof. Let us assume that Theorem 1.1 is true. Let x G p^''^" and L/k be a com- 
plete, algebraically closed, non-archimedean valued field extension of k such that 
X € fl:^^{L). By definition, f{x) is the minimum of the radius of the largest 
Berkovich open ball around xl whose preimage is the disjoint union of homeomor- 
phic copies of the ball via the morphism and 1. The assumption that Theorem 
1.1 is true implies that there exists a finite simplicial complex T c Pj^'*^" and a 
deformation retraction 

with image T such that the function / is constant on the fibers of this retraction. 
We define M : T ^ [0, 1] as follows. Let 7 e T. Pick any x G P^''*'' which retracts 
to 7 and set M{j) := f(x). Since the function / is constant along the fibers of the 
retraction, M is well defined. It can be checked that the existence of the simplicial 
complex T, the deformation retraction ^jJ and the function M : T — > [0, 1] imply 
that Theorem 1.2 is true. 
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We now assume Theorem 1.2 and show 1.1 is true. By assumption, there exists 
a finite, simplicial complex T C P^.'^'^, a retraction 

with image T and a function M : T [0, 1] such that if x £ ip{e, where 
M(7) > and L/k is a complete, algebraically closed, non-archimedean valued 
field extension of k such that x S Pj.'''"(L) then the Berkovich open ball around 
XL of radius M{'j) decomposes into the disjoint union of Berkovich open balls each 
homeomorphic to it. Furthermore, if O is any other Berkovich open ball around 
Xl whose radius is less than or equal to 1 such that its preimage for the morphism 
(/)|" decomposes into the disjoint union of homeomorphic copies of the ball then its 
radius is less than or equal to M{'y). liip{e, x) = j then it is clear that f{x) — M{'y). 
Hence the function / is constant along the fibers of the retraction morphism 'ip{e, -) 
and thus proving theorem 1.1. □ 
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